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Abstract
Gradient coils are used to generate the spatially varying gradient magnetic fields 
used to phase- and frequency-modulate the nuclear magnetic resonance (NMR) sig-
nal and enable position encoding in magnetic resonance imaging (MRI). The contin-
uous-current–density-based method of gradient coil design has been well developed 
in mathematical modeling, however, practical design as it relates to the experimental 
realization of simulated gradient coil designs and their ultimate performance has not 
been well studied. In this work, we design and build a planar gradient coil system, 
consisting of X, Y, and Z gradient coils, for use in a 6.5 mT ultra-low-field MRI 
(ULF MRI) system. Specifically, we designed each gradient coil using the equiva-
lent magnetic dipole method (EMDM), and further studied its realization by ana-
lyzing gradient-coil geometric parameters, including size, gap, conductor pattern, 
and conductor density. The geometric parameters are varied during the design of an 
optimal gradient coil and then analyzed using finite-element-method (FEM) simula-
tions to reveal the relationship between the geometric parameters and gradient coil 
performance. Based on EMDM and the geometric parameter analysis, we arrive at 
an optimal gradient coil system whose performance was evaluated by FEM simula-
tion and magnetic field measurement.

1  Introduction

MRI technology has demonstrated its essential role in medical imaging, clinical 
diagnosis, and scientific research. MRI at very-low (VLF, < 100 mT) and ultra-low 
(ULF, < 10 mT) magnetic field is an encouraging paradigm to enable lower cost and 
mobile scanners [1–5]. However, these low-field opportunities have been neglected 
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for many years generally because of low SNR. In recent years, with the develop-
ment of improved RF electronics, computational-based MRI pulse sequences [6], 
and deep-learning-based approaches to image formation [7, 8], the performance of 
ULF and VLF MRI systems has been significantly improved. In 2015, we described 
recent developments to our 6.5 mT MRI scanner enabling rapid brain imaging [9]; 
in 2019, Mäkinen et al. demonstrated ultra-low-field (< 100 μT) MRI using a hybrid 
MEG-ULF MRI system [10]; in 2020, Cooley et  al. demonstrated a prototype of 
point-of-care MRI scanner based on a Halbach Magnet (80 mT) [11].

In this paper, we focus on gradient coil design and optimization for the 6.5 mT 
ULF MRI system in our laboratory [9]. Generally, gradient coil design methods 
can be classified into two types according to the complexity of the winding pat-
tern [12, 13]. The discrete-wire method [14–18] is suitable for the design of gra-
dient coils with simple geometric structures, such as circular, rectilinear, and sad-
dle; well-known gradient coils designed by this method include Maxwell pair and 
Golay gradient coil. The magnetic-field-source-based method [19–27], also known 
as the continuous-current–density-based method, is used to design gradient coil by 
solving the source distribution in the region of gradient coil first; then the source 
distribution is converted to a conductor pattern. In the magnetic-field-source-based 
method, the source can be a current density, stream function, or magnetic dipole. 
Gradient coils designed by the discrete-wire-based method are typically very easy to 
fabricate, however, gradient performance has much room for improvement. Gradient 
coils designed by the magnetic-field-source-based method can result in wire patterns 
that are much more difficult to construct, however, it these designs can result in high 
gradient performance with current paths that can take full advantage of the available 
wire area. At present, the state-of-the-art gradient coils in commercial MRI systems 
are nearly universally designed by the magnetic-field-source-based method.

The magnetic-field-source-based method dates to 1986 when Tuner [19] first pro-
posed the target-field approach to determine a suitable gradient wire pattern. Fol-
lowing this, Tuner further improved this method by including more design require-
ments in the mathematical modeling [20]. Beside target-field approach, other widely 
used magnetic-field-source-based methods include harmonic minimization approach 
[21], stream function method [24], boundary element method (BEM) [25, 28], 
equivalent magnetic dipole method [26], as well as others [27, 29]. Different meth-
ods have their own strengths, and as gradient coil design is a complex, multipara-
metric process, find utility for specific designs with varying different requirements.

Most of the computational magnetic-field-source-based methods encounter an ill-
posed problem in the solving. The ill-posed problem is usually solved by converting 
it to a regularization problem [30–33], and contemporary research recasts the ill-
posed problem as a search for an appropriate regularization term. Power dissipation 
[22], magnetic energy [29], inductance [20], and a hybrid penalty term [34, 35] have 
all been examined as regularization terms, again with a specific choice made accord-
ing to requirements.

We describe here the design of a planar gradient system for an ultra-low-field 
MRI system where the relationship between the geometric design parameters and 
gradient coil performance is extensively studied. Specifically, we implemented 
an approach to gradient coil design using the equivalent magnetic dipole method 
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(EMDM) to obtain an optimal gradient coil with a high slew rate. The EMDM was 
previously presented in [26], in this work, we modified the method by exploiting 
the magnetic field energy as regularization term. With EMDM, we designed several 
optimized gradient coils with different geometric parameters, and performance was 
analyzed by FEM simulation of each design. The conclusion obtained from geo-
metric parameter optimization could provide a guide from the perspective of gradi-
ent coil fabrication. Finally, an optimal gradient coil system was designed and con-
structed. The final optimal gradient coil was evaluated by FEM simulation, with a 
measured nonlinearity of gradient field below 3%, its measured efficiency is greater 
than 18 μT/(m A).

2 � Method

We first introduce the gradient coil performance metric, describe the magnetic field 
calculation method based on EMDM, and finally describe a mathematical model for 
gradient coil design.

2.1 � Performance Parameters of Gradient Coil System

In the design of an optimized gradient coil system, the evaluation metric needs to be 
clearly stated. Generally, the performance of gradient coil is parameterized by two 
things: gradient field nonlinearity and gradient slew rate. Nonlinearity of gradient 
field is usually defined by (1), where Bc is gradient field generated by gradient coil, 
and Bi is an ideal gradient field.

Nonlinearity is related to distortion of MRI images: the greater the nonlinear-
ity, the worse the distortion. At present, a maximum nonlinearity of 5% is broadly 
accepted as a typical value. The slew rate of gradient field is related to scanning time 
of MRI: the higher the slew rate, the faster the ability to traverse k-space. It is also 
worth noting that peripheral nerve stimulation (PNS) ultimately limits the maximum 
slew rate of a gradient coil for human use, therefore the maximum achievable slew 
rate should be determined with concerning the maximum gradient field and specific 
imaging trajectory. The slew rate of the gradient field is proportional to the time-rate 
of change of the current in the gradient coil. The current, i, in a gradient coil is

where Va denotes the voltage supplied by the gradient amplifier, L and R denote the 
inductance and resistance of the gradient coil. When R is relatively small, the slew 
rate of the current Si is

(1)� =
||||
BG − Bi

Bi

|||| × 100%

(2)L
di

dt
+ Ri = Va,
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The gradient coil efficiency, η, is defined as gradient magnetic field generated per 
unit current, which may be expressed

where G denotes gradient field strength in the ROI. From (3) and (4), the slew rate 
of gradient field, SG, can be written

In what follows, when evaluating gradient field slew rate, the excitation voltage 
Va is normalized to 1, then, so SG simplifies to η/L.

2.2 � Magnetic Field Calculation Based on the Equivalent Magnetic Dipole Method

The gradient system described in this paper interfaces with our ultra-low-field pla-
nar electromagnet MRI system. To match the geometry of the electromagnet, the 
geometry of each gradient coil is also planar as shown in Fig. 1.

The equivalent magnetic dipole method (EMDM), previously presented in our 
work [26] is used to design the gradient coils; in this paper, we modified the EMDM 
by introducing the magnetic energy as a regularization term instead of dissipating 
energy applied in [26]. To build the mathematical model of EMDM, we first parti-
tion the planar winding area of the gradient coil into small, identical rectangles, each 
consisting of a rectangle-shaped current loop as shown as Fig.  2. The rectangle-
shaped current loop is the equivalent magnetic dipole; the limit of a closed loop of 
electric current as the linear size of the source is reduced to zero while keeping the 

(3)Si ≈
di

dt
=

Va

L
.

(4)� =
G

i
,

(5)SG=
dG

dt
= � ⋅

di

dt
≈

�

L
⋅ Va.

Fig. 1   a Planar gradient coil, b planar gradient coil system located within the planar electromagnet ULF 
MRI scanner
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magnetic moment constant is a magnetic dipole (Fig. 3). The magnetic moment m of 
a magnetic dipole is calculated from (6).

where n is the normal vector, I and S are the current and area of the magnetic 
moment, respectively. Thus in this work, the magnetic dipole moment me of equiva-
lent magnetic dipole is calculated according to formula (6) as (7).

where, ne is the normal vector, Ie and a are the current and side length of the current 
loop in Fig. 2, respectively. The side length of the equivalent magnetic dipole deter-
mines its spatial resolution for a fixed gradient coil winding area. Reducing the side 

(6)m = IS ⋅ n.

(7)m� = Iea
2
⋅ n�,

Fig. 2   Diagram of partitioned 
winding area tiled with rectan-
gle-shaped current loops

Fig. 3   Diagram of a magnetic 
dipole
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length can enhance the spatial resolution which in turn improves the smoothness of 
the pattern of gradient coil. However it also dramatically increases computational 
cost for the gradient coil optimization problem. A good balance between equivalent 
magnetic dipole spatial resolution and computational cost was found when the side 
length of equivalent magnetic dipole was set to 1/40 of the side length of the planar 
winding area.

The magnetic field B generated by a magnetic dipole m, is usually calculated as

where R is the distance between magnetic field and any point in space, r is a vector 
used to describe the position of any point in space, r′ is a vector to describe the posi-
tion of equivalent magnetic dipole. The magnetic field Be generated by an equivalent 
magnetic dipole is calculated from (8),

From (9), we can calculate the magnetic field in the region of interest (ROI) gen-
erated by the equivalent magnetic dipole matrix from Fig. 2. Theoretically, the gra-
dient field in ROI can be obtained by adjusting the current value of each equivalent 
magnetic dipole, so the gradient field BG can be determined by a specific current 
loop matrix IG, Their relationship then could be described by a function f,

2.3 � Magnetic Dipole Optimization Based on Tikhonov Regularization

Formula (10) can be used to calculate the magnetic field in the ROI generated by a 
given current loop matrix. It cannot however be used to determine a unique current 
loop matrix for a given magnetic field; solving the current loop matrix for a given 
gradient field is an ill-posed inverse problem with a non-unique and unstable solu-
tion. This means that a given gradient field can be generated by different current 
loop configurations, and a slight change in current loop matrix might result in dra-
matic changes to the gradient field.

Generally, ill-posed inverse problems are solved using the Tikhonov regulariza-
tion approach, which recasts the problem as a minimization problem with a penalty 
term, i.e.:

The penalty term, also known as the regularization term, is used to track instabil-
ity; a feasible solution is one that yields a low value of G(IG).

In this work, we chose the magnetic energy, WB of the equivalent magnetic dipole 
as the regularization term, which is calculated

(8)B =
�0

4�
(m ⋅ ∇)∇

1

R
=

�0

4�
∇
(
m ⋅ ∇

1

R

)
= −

�0

4�
∇

(
m ⋅

(r − r′)

|R|3
)
,

(9)B� = −
�0Iea

2

4�
∇

(
n� ⋅ (r − r′)

|R|3
)
.

(10)B� = f (I�)

(11)���∶ F = (f (I�) − Bi)
2 + �G(I�).
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where A denotes vector magnetic potential of equivalent magnetic dipole, calculated 
from

J is the equivalent current density, the components of which are calculated with 
(14), with m is the index enumerating magnetic dipoles, n is the index of equivalent 
magnetic dipole in a row, the diagram of current density calculation is shown as 
Fig. 4.

The magnetic energy of a gradient coil can also be calculated from

Using magnetic energy as a regularization term, we can obtain a gradient coil 
with low inductance. This follows from (5), whereby the lower the inductance, the 
higher the attainable slew rate. Thus, these two essential performance parameters of 
gradient design, field nonlinearity, and slew rate are all considered in this formula-
tion of the minimization problem, F.

2.4 � Stream Function

The matrix of optimal current loops, I, can be obtained by solving the minimiza-
tion problem of (11). This current loop matrix is the stream function of an equivalent 

(12)WB =
1

2 ∫ A ⋅ JdV ,

(13)A =
�0

4�R2
(m� × (r − r′)).

(14)
Jm, i = (Im+1 − Im)∕a

Jm, j = (Im+n − Im)∕a

(15)WB =
1

2
LI2

0
.

Fig. 4   Diagram of current den-
sity calculation
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magnetic current density, Je. According to the stream function method [24], the con-
tours of the current loop matrix become the winding pattern for the gradient coil.

The current density satisfies the continuity equation,

therefore we could use a hypothetical scalar function, S0, and a unit-length vector n0 
to represent current density as

The magnetization of an equivalent magnetic dipole, M, is calculated by (18).

where V denotes the volume occupied by magnetic dipoles, h denotes the thickness 
of the volume, shown in Fig. 2. The vector magnetic potential of magnetization M, 
is calculated from

where n0,s denotes the unit-length vector of the surface of equivalent magnetic 
dipoles.

The vector magnetic potential of a current density J is calculated from

According to (19) and (20), the relationship between the magnetic-dipole magneti-
zation and its equivalent magnetic current density Je could be expressed as (21).

Combining (18) and (21), one gets

Since h is a constant, from (22) the current loop value, I is the stream function of the 
equivalent magnetic current density, Je. Thus, the contours of the current loop matrix 
are the winding pattern of the gradient coil.

(16)∇ ⋅ J = 0,

(17)J = ∇ × (S0 ⋅ n0).

(18)M =

∑
m

V
=
m�

V
=

I ⋅ a2

a2 ⋅ h
⋅ n =

I

h
⋅ n,

(19)A� =
�0

4�

⎛⎜⎜⎝∫V
1

R
∇ ×M(r′)dV + ∫

Ss

M(r′) × n0,s

R
dSs

⎞⎟⎟⎠
,

(20)A� =
�0

4� ∫
V

1

R
∇ × JdV .

(21)J� = ∇ ×M

(22)J� = ∇ ×
(
I

h
⋅ n

)
.
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3 � Geometric Parameter Analysis

The geometric parameters of a gradient coil include wire winding density, regulari-
zation coefficient, gradient coil gap, and gradient coil size. As described above, the 
optimal solution of the minimization problem, F, leads to the steam function, and 
the contours of the stream function themselves are the gradient coil winding pat-
tern. For a specific stream function, we can plot it using contour maps with different 
number of contours; in this way, the wire density becomes the contour density. The 
regularization coefficient determines the complexity of gradient coil pattern as it 
pertains to the performance of the gradient coil. The gap simply denotes the distance 
between two plates of the planar gradient coil. Gradient coil size was parameterized 
by the side length of the planar coil winding area.

To reveal the relationship between geometric parameters of gradient coil and its 
performance, we implemented a gradient coil design workflow using EMDM. Spe-
cifically, we adjusted the geometric parameters and designed a gradient coil whose 
gradient-field direction is perpendicular to that of scanner static magnetic field. And 
then analyzed this gradient coil using FEM simulation. Before implementing the 
computational parameter analysis, we manually explored a range of parameters to 
obtain a reasonable starting location. All the EDMD design optimizations start from 
this location where the regularization coefficient is 10–20; the gradient coil gap is 
0.8 m, the side length of planar winding area is 1 m and the number of contours is 
12. In the following sections, the influence of changing each of these parameters is 
discussed.

3.1 � Gradient Coil Density

In gradient coil density analysis, we obtain an optimal stream function distribution 
and plot it using five contour maps with different number of contours. Specifically, 
in stream function solving, the regularization coefficient was set to 10–20, the gra-
dient coil gap was set to 0.8 m, the side length of planar winding area was set to 
1 m and the number of contours was set to 8, 10, 12, 14, and 16. Figure 5 shows 
the optimal stream function and its corresponding gradient pattern in different coil 
density. Table 1 shows the FEM simulation result with an ROI given by a spherical 
region with radius of 150 mm, target points uniformly distributed on the surface of 
the ROI, and the nonlinearity of gradient field is the average value of relative error 
between the simulated magnetic field and the ideal gradient field at target fields; 
Fig. 6 shows the relationship between the gradient coil density and its performance.  

According to the results shown in Fig. 5, the average nonlinearity of gradient 
field first decreases and then increases with increasing coil density. However, the 
difference between the maximum and minimum nonlinearity is less than 0.4%, 
so gradient coil density has no practical effect on the nonlinearity of gradient 
field. The inductance and gradient coil efficiency increases, while the slew rate 
decreases with increasing coil density, so adjusting gradient coil density, leads to 
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a corresponding increase in either efficiency or slew rate, with a decrease in the 
corresponding other parameters. Thus, gradient coil density adjustment can be 
used to tune the gradient coil efficiency, and considering that both the efficiency 
and slew rate are very important parameters in gradient coil design, the gradient 
coil density should be as low as possible with the premise of meeting the effi-
ciency requirements.

Fig. 5   Optimal stream function and corresponding gradient coil pattern in different coil density, (Regu-
larization coefficient = 10–20, gap = 0.8 m, side length = 1 m, the number of contours = 10, 12, 14, 16, 18)

Table 1   Performance parameters (gradient coil density)

Number of contours 10 12 14 16 18
Average nonlinearity (%) 0.9346 0.7726 0.6271 0.6827 0.8418
efficiency (μT/(m· A)) 12.4461 14.7266 16.9946 19.3358 21.5478
Inductance (μH) 77.8880 103.9577 133.7824 167.1161 205.5738
Slew rate (T/(m· A· H)) 0.1598 0.1417 0.1270 0.1157 0.1048

Fig. 6   The relationship between gradient coil density and its performance parameters, (Regularization 
coefficient = 10–20, gradient coil gap = 0.8 m, side length = 1 m, the number of contours = 10, 12, 14, 16, 
18)
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3.2 � Regularization Coefficient

In an analysis of the regularization coefficient, we generated five optimized gradient 
coils. Specifically, in the stream function solving, the gradient coil gap was set to 
0.8 m, the side length of the planar winding area was set to 1 m and the regulariza-
tion coefficients were set to 10–22, 10–21, 10–20, 10–19, and 10–18; the number of con-
tours was set to 12. Figure 7 shows the optimal stream function and its correspond-
ing gradient pattern; Table 2 shows the FEM simulation results; Fig. 8 shows the 
relationship between the regularization coefficient and its performance.

The optimized gradient coil patterns were obtained by adjusting the regulariza-
tion coefficient. According to the FEM simulation results in Fig. 8, the nonlinearity 
of gradient field, the gradient coil efficiency and gradient coil slew rate all increase 
with increasing regularization coefficient, and only the inductance decrease. 

Fig. 7   Optimal stream function and corresponding gradient coil pattern obtained with adjusting the reg-
ularization coefficients. (Regularization coefficient = 10–22, 10–21, 10–20, 10–19, 10–18, gap = 0.8  m, side 
length = 1 m, the number of contours = 12)

Table 2   Performance parameters (regularization coefficient)

Regularization coefficient 10–22 10–21 10–20 10–19 10–18

Average nonlinearity (%) 0.1411 1.3785 0.7446 2.709 6.1784
Efficiency (μT/(m· A)) 10.7060 11.8082 14.7226 17.1268 21.6507
Inductance (μH) 112.6150 103.9928 103.9577 98.3855 92.0000
Slew rate (T/(m· A· H)) 0.0951 0.1135 0.1416 0.1741 0.2353

Fig. 8   Relationship between regularization coefficient and its performance parameters, (Regularization 
coefficient = 10–22, 10–21, 10–20, 10–19, 10–18, gap = 0.8 m, side length = 1 m, the number of contours = 12)
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Remarkably, increasing regularization coefficient changes the gradient coil induct-
ance, efficiency and slew rate change with a positive trend, while gradient filed lin-
earity changes with a negative trend. The regularization coefficient has a significant 
effect on the nonlinearity, so adjusting the regularization term can effectively adjust 
the linearity of gradient field. In regularization coefficient adjustment, the linearity 
and slew rate of gradient field vary with opposite signs; it is necessary to balance 
between these performance parameters in gradient coil design. Moreover, the com-
plexity of gradient pattern is hard to quantify, but it is also related to the regulariza-
tion coefficient, shown as Fig. 7, and should be considered in gradient coil design.

3.3 � Gradient Coil Gap

In gradient coil gap analysis, we generated five optimized gradient coils using 
EMDM. Specifically, in the stream function solving, the regularization coefficients 
were set to 10–20, the side length of planar winding area was set to 1 m and the gra-
dient coil gap was set to 0.6, 0.7, 0.8, 0.9 and 1.0 m; the number of contours was set 
to 12. Figure 9 shows the optimal stream function and its corresponding gradient 
pattern; Table 3 shows the FEM simulation results; Fig. 10 shows the relationship 
between gradient coil gap and its performance.

The optimized gradient coil patterns were obtained by adjusting gradient 
coil gap. According to the FEM simulation results in Fig.  10, the nonlinearity 

Fig. 9   Optimal stream function and corresponding gradient coil pattern obtained with adjusting the gra-
dient coil gap, (Regularization coefficient = 10–20, gap = 0.6, 0.7, 0.8, 0.9, 1.0 m, side length = 1 m, the 
number of contours = 12)

Table 3   Performance 
parameters (Gradient coil gap) Gap (m) 0.6 0.7 0.8 0.9 1.0

Average nonlinearity (%) 6.97 0.63 0.74 1.03 3.75
Efficiency (μT/(m· A)) 21.46 19.14 14.72 11.24 9.95
Inductance (μH) 92.02 95.07 103.96 112.18 118.09
Slew rate (T/(m· A· H)) 0.23 0.20 0.14 0.10 0.08
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of gradient field first decreases and then increases with increasing gradient coil 
gap. The maximum nonlinearity value is close to 7% and the minimum value is 
less than 1%, a significant difference. Both the efficiency and slew rate of gra-
dient coil decrease, while the inductance increases with increasing gradient coil 
gap. According to the trend of nonlinearity, there exists an optimal gradient coil 
gap once the other geometric parameters are determined. As gradient coil gap 
increases, all the performance parameters, except for nonlinearity of gradient 
field, change with a negative trend. Thus, in gradient coil design, the gradient coil 
gap should be as large as possible with the goal of meeting the requirement of 
gradient nonlinearity and maximizing patient space in the MRI scanner.

3.4 � Gradient Coil Size

In gradient coil size analysis, we generated five optimized gradient coils using 
EMDM. Specifically, in the stream function solving, the regularization coeffi-
cients were set to 10–20, the gradient coil gap was set to 0.8, the side length of 
the planar winding area was set to 0.6, 0.8, 1.0, 1.2, and 1.4 m; the number of 
contours was set to 12. Figure 10 shows the optimal stream function and its corre-
sponding gradient coil pattern; Table 4 shows the FEM simulation results; Fig. 11 
shows the relationship between gradient coil size and its performance.

The optimized gradient coil patterns were obtained as a function of gradient 
coil size. According to the FEM simulation results in Fig.  12, with increasing 
gradient coil size, the nonlinearity of the gradient field decreases while the other 
performance parameters increase. As gradient coil size increases, all the perfor-
mance parameters, except for the inductance of the gradient coil, change with a 
positive trend. As inductance is a parameter used to evaluate slew rate indirectly, 
the performance of gradient coil is significantly improved with increased gradient 
coil size.

Fig. 10   Relationship between gradient coil gap and its performance parameters (Regularization coeffi-
cient = 10–20, gap = 0.6, 0.7, 0.8, 0.9, 1.0 m, side length = 1 m, the number of contours = 12)

Table 4   Performance 
parameters (Gradient coil size) Side length (m) 0.6 0.8 1.0 1.2 1.4

Average nonlinearity (%) 2.96 0.96 0.74 0.71 0.43
Efficiency (μT/(m· A)) 9.15 12.41 14.72 16.20 17.46
Inductance (μH) 98.00 98.11 103.96 110.59 126.29
Slew rate (T/(m· A· H)) 0.09 0.13 0.14 0.15 0.14
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4 � Result

Based on our extensive EMDM simulations and geometric parameter analysis, we 
designed gradient coils for an ULF MRI system and built a gradient coil proto-
type. The performance of gradient coil prototype was evaluated by FEM simula-
tion and performance parameter measurement.

4.1 � Gradient Coil Design for a ULF MRI System

Our analysis of the impact that geometric parameters have on gradient coil 
performance provides a basis for parameter tuning in gradient coil design. We 
adjusted these geometric parameters to design a gradients system that could meet 
our physical requirements with the best performance. For our scanner, the avail-
able area for gradient coil placement is a planar area with a side length of 1.22 m; 
to allow some space for the gradient coil support structure, a side length for the 
gradient coil was set to 1.18 m. We pick an imaging ROI located at the isocenter 
of the magnet having a radius of 150 mm. The maximum distance between the 
two planes of the ultra-low-field planar electromagnet is around 0.78 m, so all the 

Fig. 11   Optimal stream function and corresponding gradient coil pattern obtained with adjusting the gra-
dient coil size, (Regularization coefficient = 10–20, gap = 0.8 m, side length = 0.6, 0.8, 1.0, 1.2, 1.4 m, the 
number of contours = 12)

Fig. 12   Relationship between gradient coil size and its performance parameters, (Regularization coeffi-
cient = 10–20, gap = 0.8 m, side length = 0.6, 0.8, 1.0, 1.2, 1.4 m, the number of contours = 12)



1 3

Gradient Coil Design and Optimization for an Ultra‑Low‑Field…

gradient coil gaps are smaller than 0.78 m. A table of the design parameters is 
given in Table 5.

Figure 13 shows the optimal stream function and gradient coil pattern of X, Y 
and Z gradient coil. Figure  14 shows field maps on the plane of YOZ, XOZ and 
XOY, which is generated by X, Y and Z gradient coil, respectively.

Table 5   Design parameters in gradient coil design

Density Gap (m) Regularization 
coefficient

Side length (m) Radius 
of ROI 
(mm)

X gradient coil 16 0.717 1.2 × 10–21 1.18 150
Y gradient coil 16 0.743 8 × 10–22 1.18 150
Z gradient coil 16 0.769 1 × 10–20 1.18 150

Fig. 13   Design result of gradient coil, a X gradient coil, b Y gradient coil, c Z gradient coil

(a) (b) (c)

Fig. 14   Simulation result of gradient coil (the radius of white circle is 150 mm), a X gradient coil, b Y 
gradient coil, c Z gradient coil. The location of filed map and gradient coil are both defined in the coordi-
nate system shown in Fig. 1a
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The performance parameters calculated based on the FEM simulation were 
shown in Table 6.

4.2 � Gradient Coil Prototype

We built a gradient set based on the FEM simulations. Specifically, we cut grooves 
on acrylic plates using a CNC router with wire paths placed according to the gradi-
ent coil pattern shown in Fig. 13. Figure 15 shows the simulated coil traces and the 
physical gradient coils.

The completed gradient coils are shown in Fig. 16a and the gradient coil system 
assembled within the electromagnet scanner is shown in (b).

Finally, we measured field maps of different gradient coils, where the gradient 
coil is powered by a DC power supply (6233A, Agilent) and the magnetic field is 
measured by a Gaussmeter (8030, F. W. Bell). The field map was shown as Fig. 17a; 
Fig. 17b shows gradient fields on the midline (along the gradient direction) of each 
field map. The measured performance parameters are shown in Table 7.

Table 6   Performance parameters of gradient coil

Gradient coil Maximum 
nonlinearity 
(%)

Average 
nonlinearity 
(%)

Efficient 
(μT/
(m· A))

Inductance (μH) Slew 
rate (T/
(m· A· H))

Wire length (m)

X 1.01 0.13 20.89 177.35 0.12 32.03
Y 1.04 0.13 19.39 179.13 0.11 32.41
Z 2.82 0.29 22.54 85.37 0.26 17.15

Fig. 15   Gradient coil trace and gradient coil prototype, a gradient coil winding trace, b gradient coil 
prototype
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Fig. 16   Gradient coil assembly a gradient coil system, b assembly picture

Fig. 17   Measurement result of gradient magnetic field, the location of the filed map and gradient coil are 
both defined in the coordinate system shown in Fig. 1a

Table 7   Performance parameters of gradient coil

Gradient coil Maximum non-
linearity (%)

Efficient 
(μT/(m· A))

Inductance (μH) Resistance (mΩ) Slew 
rate (T/
(m· A· H))

X 2.02 21.03 188.17 195.69 0.11
Y 1.46 19.15 191.87 198.54 0.10
Z 0.85 22.18 92.24 118.78 0.24
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According to the measurements, the nonlinearity of all gradient coil is less than 5%, 
and the efficiency and slew rate value are consistent with the simulation result.

5 � Discussion

It is difficult to optimize the geometric parameters critical to gradient design by explic-
itly including them into a master mathematical model of gradient coil design. In gen-
eral, they are usually the initial conditions and preconditions of the mathematical 
model. In this work, we have studied the qualitative relationship between these physi-
cal design parameters and gradient coil performance. The insight obtained from the 
study of the relationship between these parameters allows one to converge on a family 
of near-optimal solutions for gradient coil design. We do note that due to the computa-
tional complexity involved, the role of each geometric parameter was studied indepen-
dently, where in fact these geometric parameters may couple to each other. A quantita-
tive and more accurate study of the relationship between the geometric parameters and 
gradient coil performance still needs further study.

Our analysis of geometric parameters was implemented with the design of a gradient 
set. Both the X and Y gradient coils, shown in Fig. 13 produce a gradient transverse to 
the main magnetic field. The conductor pattern of the Z gradient coil, which produces 
a magnetic field gradient in the same direction of the main magnetic field, is different 
from that of X and Y gradient coil. We also analyzed the geometric parameters of Z 
gradient coil using the same approaches described in the Geometric Parameters Analy-
sis part of this paper; the conclusion obtained in Z-gradient-coil geometric parameters 
analysis is consistent with that of the X and Y gradient coils. Notably, we also com-
pared the performance of different gradient coils, and found the efficiency and slew rate 
of Z gradient coil is significantly better than that of the transverse gradient coils, which 
is also reflected in the results shown in Tables 6 and 7. Based on this conclusion and 
that in Geometric Parameters Analysis section, we set the gradient coil gap of Z gradi-
ent coil to be the largest among X, Y and Z gradient coils.

We also encountered difficulties in the evaluation of gradient field nonlinearity. 
Theoretically, the gradient field in the center of ROI has the best linearity; however, 
the nonlinearity is calculated with formula (1), the ideal magnetic field in the center 
of ROI is close to 0, which means the denominator is close to zero, and that results 
in high nonlinearity. In the Geometric Parameters Analysis section, we use the aver-
age relative error at all target points to evaluate the gradient field linearity. As shown 
in the Result section, a field map was obtained for a single plane in the ROI, and 
we used the maximum relative error at the end of the midline of the plane which is 
shown as Fig. 17.

6 � Summary and Conclusion

In this work, we developed the equivalent magnetic dipole method (EMDM) with 
the introduction of magnetic energy as a regularization term to condition the ill-
posed inverse problem of gradient design. Based on the modified EMDM, we 
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analyzed the geometric parameters of gradient coil and qualitatively revealed the 
relationship between these geometric parameters and the gradient coil performance. 
As a result, we proposed geometric adjustment principles for gradient design and 
fabrication; geometric-parameter adjustment principles could be used to further 
optimize the performance of gradient coil designed using magnetic-field-source-
based methods. Finally, we designed an optimum gradient coil system and built a 
prototype.
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